Abstract. We prove for some translation-invariant weighted spaces E the following characterization: T is a multiplier of E if and only if T leaves invariant every translation-invariant subspace of E. This result is equivalent with the reflexivity of the multiplier algebra of E.
Introduction
Let G be a locally compact abelian group. If x ∈ G and f is a function on G, we define S x f (t) = f (t − x), ∀t ∈ G.
Let E, F be two translation-invariant spaces of functions on G. A multiplier from E to F is a bounded operator T from E to F which satisfies S x T = T S x for every x ∈ G. The set of multipliers between E and F is denoted (E, F ). The multiplier problem is to characterize the multipliers between two spaces. For example, the Fourier-Plancherel Formula implies that T ∈ (L 2 (G), L 2 (G)) if and only if there exists T ∈ L ∞ (Γ), which satisfies T f = T f for every f ∈ L 2 (G), where Γ is the dual group of G. There exist a lot of results in Multiplier Theory (see [Tew96] , [Lar69] ).
In this paper C, R, Z, D and T denote respectively the complex field, the real field, the set of integers, the open unit disk and the unit circle.
A weight ω on R is a measurable function from R into ]0, +∞[ such that
is bounded on every compact subset of R. A weight ω is called dissymmetric if ω(t) = 1 for t ≥ 1 and lim t→−∞ ω(t) = +∞. We introduce the following Hilbert space:
On this space, the scalar product is
One can show that the translation operator S x is a bounded and invertible operator for every
The algebra of bounded operators on a Hilbert space H is denoted B(H). Let E be a subset of B(H). The lattice of invariant subspaces of E, Lat(E), is the set of subspaces of H which are invariant under every T ∈ E. A subalgebra U of B(H) is reflexive when Lat(T ) ⊃ Lat(U) implies T ∈ U. If P ⊂ B(H), the commutant of P is called P . An operator T is hyperreflexive when {T } , the commutant of T , is a reflexive algebra. A subspace F is said to be hyperinvariant for T if F ∈ Lat({T } ). Donald Sarason ([Sar66] ) introduced the reflexivity property and he proved that every normal operator is reflexive. See [CE00] or [Che92] for references about reflexivity results.
In this paper, we will prove the following theorem:
In 1981, Y. Domar [Dom81] proved that for every weight ω of R, there exist nontrivial translation invariant subspaces in L 2 ω (R). This result and Lemma 2.1 imply
) enjoys the reflexivity property. This result is obvious if ω = 1, and we prove it in the dissymmetric case. The ingredients of our theorem are the estimates of [Dus02], Kapustin's reflexivity result [Kap92] , and some lemmas proved in section 2.
Finally, Theorem 3.1 yields an abstract characterization of multipliers on L 2 ω (R). Indeed, we have the following corollary:
The author thanks Prof. Jean Esterle for his advice during the preparation of this paper.
Some lemmas
Note that if ω is a weight on R, then, ω |Z (still called ω) is a weight on Z. Let us introduce another Hilbert space:
If ω is a weight on Z, then the bilateral weighted shift S : (u n ) n∈Z → (u n−1 ) n∈Z is a bounded and invertible operator of
In fact, F is a translation invariant subspace of 2 ω (Z) if and only if F is a hyperinvariant subspace of S (see [Shi74] ).
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Note that the existence of a NT-TIS in 2 ω (Z) is still unknown for all weights on Z (see [Atz00] for references on this open problem). J. Esterle [Est01] proved that Apostol weighted shifts are hyper-reflexive, and the author ( [Dus03] , [Dus02] ) obtained also some hyperreflexivity results.
Given a weight ω on R we introduce the weight ω
ω * (R) with the following duality:
The following result is probably known, but we did not see it in the literature. 
Hence f is continuous on the line. We will prove that f is the zero distribution.
Let
, where span(A) denotes the closed linear subspace generated by A. From this, it easily follows that every translation invariant subspace of
Remark 2.2. Let ω be a weight on Z. It is known that Lat {S n : n ∈ Z} = Lat {S n : n ∈ Z} . Indeed, 
If F is an NT-TIS of 2 ω (Z), F ⊥ will denote the orthogonal complement of F in the preceding duality. We have 
The spectrum of logS is included in {z ∈ C : Im(z) ∈]0, 2π[}; thus we can define for each p ∈ Z the operator A p = (logS + 2ipπI)
It is fairly easy to prove that u −n (p) = A p P (e −n ), g . Hence,
Letting
Clearly
Several authors obtained similar estimations in Banach algebras, which are not usable here. By chance, we obtained this lemma with an unexpected use of the Parseval Formula. The following lemma is a link between the discrete and the continuous case, and it is interesting by itself. 
Proof. The set of step functions on the line will be denoted E. Let
The preceding lemma implies the existence of a constant C such that
Hence, T J = RP . The operator RP is surjective; therefore T is surjective. One can show that 
Let E( U ) be the translation invariant subspace of 2 ω (Z) generated by U. We recall that a subset A of the unit circle is a Carleson set if m(A) = 0 and
where m is the Haar measure on T and k are the lengths of the complementary arcs of A.
Proof. The author proved (see [Dus02] ) that if ω is dissymmetric, there exists a singular measure µ, which vanishes on Carleson sets, such that the operator
Of course, µ is the measure associated with U . So, M U is a bounded operator of [Kap92] proved that the operator M U is hyper-reflexive if and only if the measure µ vanishes on Carleson sets. Hence the operatorS is hyperreflexive. The measure µ was obtained by lemma 5.6 of [Est97] . Moreover, it is proved in this lemma that the supporting set of µ is a perfect set of zero measure. Changing µ into αµ, where |α| = 1, we can suppose without loss of generality that supp(µ) ⊂ T\{1}. Here, αµ denotes the image measure of µ with the map z → αz. It is easy to prove thatR leaves invariant every hyperinvariant subspace ofS 1 . The operatorS 1 is hyper-reflexive; henceRS 1 =S 1R . Clearly, we have alsoS x0S1 =S 1Sx0 , whereS x0 (f +G) = S x0 f +G. It is a standard result (see [SNF67] ) that the commutant of M U equals the commutative algebra
, where H ∞ (D) denotes the space of bounded holomorphic functions on the disk D. Hence, the commutant ofS 1 is a commutative algebra becausẽ S 1 and M U are similar. So,S x0R =RS x0 and this implies that S x0 Rf −RS x0 f ∈ G for f ∈ L 2 ω (R).
